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FURTHER RESULTS ON FIXPOINTS AND ZEROS
OF ENTIRE FUNCTIONS

JIAN-HUA ZHENG AND CHUNG-CHUN YANG

ABSTRACT. In this paper, a quantitative estimation on the number of zeros of
the function fog(z) — a(z) is derived, where f and g are transcendental
entire functions and a(z) a nonconstant polynomial. As an application of this
and a further step towards an affirmative answer to a conjecture of Baker, a
quantitative estimation on the number of period points of exact order n of f
(nth iterate of f) is obtained.

1. INTRODUCTION

Let f(z) be an entire function and f»(z) = f,—1(f(2)) (/i(2) = f(2), fo(2)
= z) be the nth iterate of f. A point zo at which f(zo) = 2o is called a
fixpoint of f(z). A fixpoint zo of order k of f(z) isa zero of fi(z)—z and,
further, according to whether

Ifi(zo)l > 1, |f(z0)l <1, or |fi(z0)]=1,

it is called, respectively, repulsive, attractive, or indifferent, and such a zy isa
fixpoint of exact order k of f(z) if it is not a fixpoint of order less than k of
f(2).

Rosenbloom [15] seems to be the first to use the methods of Nevanlinna’s
theory to study the existence and number of fixpoints of transcendental entire
functions. He showed that any transcendental entire function has infinitely
many fixpoints of order 1 or 2. Baker [2], as a generalization, proved:

Theorem A. Any transcendental entire function f(z) has infinitely many fix-
points of exact order n (n > 2) with the exception of at most one value of n,
where if f(z) has some finite deficient value, cannot occur (cf [3]).

Baker also raised

Conjecture (A). For n > 2, f(z) must have infinitely many fixpoints of exact
order n.

Recently, Bergweiler [6] completely answered the conjecture and obtained an
improved result as follows:

Theorem B. Let f(z) be an entire transcendental function n > 2. Then f(z)
has an infinite number of repulsive fixpoints of exact order n .
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There are a number of papers (cf. [4], [5], [8]) dealing with the existence
of the fix-points of f(g) for entire f and g, but no significant quantitative
estimation on the number of fix-points were obtained. In this paper, we shall
present, by slightly modifying an important lemma of [4], a lower bound on
the estimation of N(r, 1/f(g(z)) — a(z)) (where f and g are transcendental
entire functions and « is a nonconstant polynomial) and use this to obtain
some results toward the answering of the following question raised by Baker [3]
in 1960:

Question (A). Is N,(r) the same growth as T'(r, f,), where N,(r) denotes the
counting function for fixpoints of exact order n of f(z)?

About this question, Baker [1] proved the following
Theorem C. Let the order p(f) of the entire function f be less than 1/2 and
f(z)—z=czP + 2P+, ¢ #0.

Then for sufficiently large r

(1) log{M(r,f,,)—r"}<log|cp|+pklogr+N(rk, 7 1 z) ,
-

where k = k(n) > 3£Dk0=D (1) =3(c+1), ¢ > 1, and hence k(n) > 3".

cos p

Throughout this paper, we shall use such standard notations as N(r, 1/f),
T(r, f), 6(0, f), etc. of Nevanlinna theory and assume that the reader is
familiar with its fundamental theorems, and by p(f) and A(f) we denote
the order and the lower order of f(z), respectively, and by E and F sets
of r with, respectively, finite linear measure and finite logarithmic measure,
respectively not necessarily the same at each occurrence. Finally, we recall
that it was Rosenbloom [15] who proved that for a polynomial P(z) and a
transcendental entire function g(z),

and conjectured the limsup is greater than or equal to k — 1, where k is
the degree of P(z). This was later confirmed by G. S. Prokopovich [14] by
showing that the limsup is greater than &k —1+6(0, g) with r ¢ E. Recently
Bergweiler (private communication) suggested the limsup, in general, is k — 2
for P(z) being a rational function. Here we shall present a lower bound for
the number of distinct zeros of P(g) — z in term of the degree of P(z).

2. PRELIMINARY LEMMAS
Lemma 1. Let n(t) be a nonnegative, nondecreasing function and satisfy

t—oo  lOgt
Then there exists a set I of infinite logarithmic measure such that, for r € I,

logn(r) > su {logn(t) )

(I+0(1) logr logt °

egtgr}.
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Proof. Since

lim sup logn(?) =

t—oo logt ’

there exists an unbounded sequence {r,} such that
Mzsu {M’ eStSrn}.

logr, logt °’
Then for r, <r<2r,,
log n(t) logn(t)
: <t< = —_ <t<
sup{ Tog? s e<t<r sup Tog? s I <t<r
< log n(r) _ logn(r) logr =1 +0(1))logn(r)’
logr, logr logr, logr

Thus Lemma 1 follows.

Let {a,} be a sequence of complex numbers and |a,| — co and let r, = |a,|

with 0<ri<r,<---<r, <---. Define
logn o
= R n=r"’
" logr, "
and

p(r) =logn(r)/logr,  n(r.)=n,
where n(r) denotes the number of {a,} in |z| <r. Clearly
p(rn) =logn(ry)/logr, > on,

and hence
rm >y

Define p, = [2p(r,)], where [x] denotes the largest integer no greater than x.
And obviously the sum

[>°]

(/e

n=1

converges for any r > 0 and thus
= z
@ P =12 (L. p)
n=1 n
defines a transcendental entire function, where
E(z,p)=(1-z)exp(z+ z%/2+--- + 2z /p).

Lemma 2. For all sufficiently large r, and ¢ > 0,

(3) log |P(z)| < n(r)?!8" + n(r*+¢/2)(3 + log n(r?*¢/2)).
And further if
lim sup M’_l/_.Pl =00,
F—00 logr

then there exists a set I of infinite logarithmic measure such that, for r € I,
log|P(z)| < n(r**¢/2)"/2.

In order to prove the above lemma, we need the following
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Lemma 3 ([9, p. 26]). Forall z and p > 1,

log|E(z, p)| < A(p) min{|z[?, |z[P*'},
where A(p) =2(2 +logp).
Proof of Lemma 2. Notice

Pn < 2p(rn) = 2logn(ry)/logr, < pp + 1

and when r, > exp(e3), A(p») < 2loglogn(r,). Thus it follows from Lemma
3 that, for |z| = r > exp(e?),

ad z
g |P(2)| = 3 log £ (Z.2)
<2 S (loglogn(ra))(r/rm)P + 3 (loglog n(ra))(r/ra)?r*!
r>r»>exp(e?) r<rn

4) +0( rn(exp(e’))+l)
< / 2(loglog n(2))(r/)2*® dn(t) + O(rmex(Ee)+1y
e

r /2 oo
=2 { / + / + / }(loglogn(t))(r/t)z"(') dn(t) + O(rHexp(e@+1)
e r r2+ef2

where ¢ is a given positive number. We now express the three integrals above
as I, II, and III, respectively and estimate them below.
We note when r is sufficiently large, for x > n(r¥+¢/2),

(log lng) < x(e log r+31log 2)/2((2+¢) log r—log 2).

M = / (log log n(1))n () =21 —187/1081) g (1)
,-2+¢/2

< /oo (loglogn(t))n(t)‘[“(‘ log r+3log 2)/((2+¢) log r—log 2)] dn(t)
,-2+¢/2

0o
< / (x)-[l+(elogr+3log2)/2((2+s)logr—logZ)] dx < l;
n(r2+e/2)

P
II S/ loglog n(t) dn(t)
r
< n(r**¢/2)loglog n(r’*¢/2) — n(r)loglogn(r) — 1;
r r
I<loglogn(r)/ (r/e)?loer(d/ 18! gn (1) < loglogn(r)/ n(t)2108™=1 dn(r)
(-4 e

< loglogn(r)n(r)?'ee -1,

Combining I, II, and III we obtain the first inequality of Lemma 2.
As to the second inequality, we only need to improve the estimate of integral
I. By Lemma 1, there exists a set I of infinite logarithmic measure such that

for rel | () , 0
ognr ogn(t) .
(1+o(1))—— _sup{ gt estsr}.
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Therefore for re I

r
I < loglogn(r) / (r/e) 2100/ 1081 g 1)
e

< loglogn(r) /r(r/e)(l+0(l))ZIogn(r)/logr dn(1)
e

= loglog n(r)n(r)2+o+1 < p(r)3+1/2,
This also completes the proof of Lemma 2.
Lemma 4 ([7] or cf. [4, p. 76]). If f and g are transcendental entire functions,

then
M(r, f(8)=M((1+o(1))M(r, g), f) (rgF).

The following results in essence come from Wiman-Valiron theory. We first
denote the central index of an entire function g(z) by v(r, g) and the maxi-
mum term by u(r, g).

Lemma 5 ([16] or cf. [4]). Let g be entire and transcendental and assume that
d>0,e>0, n>0,and y > 1/2. Suppose that |zo| = r, |g(zo)| >
nM(r, g), and |t| <dv(r, g)~7. Then

(5) glzoe”) ~ glz0)e” ™" (r ¢ F);

(6) &'(z0e) ~ (v(r. )/ 206 g(z0)e" ¥ (r ¢ F);

(7) v(r, 8) < (logu(r, £))™** < (log M(r, £))'** (r ¢ F);

(8) logM(r, g) < (1+o(1)logu(r, g) <(1+o0())v(r, g)logr (r¢F).

By suitably modifying a proof of Bergweiler [4, Lemma 3], we can easily
derive the following

Lemma 6. Let g(z) be entire and transcendental and assume that ¢ >0, 1>
y>1/2,and n>0. If r ¢ F, |zo| =r, and |g(z0)| > nM(r, g), then there
exists a function t(z) analytic in |z — zo| < crv(r, g)™7 satisfying

lt(z)v(r, &) - 2mi| = o(1), g(ze"™) = g(z).

Let f(z) and g(z) be two transcendental entire functions and a(z) a non-
constant polynomial. By B(z) we denote the Weierstrass product of the zeros
of f(g)— a(z) constructed in the same manner as P(z) in (2). We note if
f(g) — a(z) has the finite exponent of convergence of the zeros, f(z) must be
of finite order. Thus we have

%) f(&(2)) = a(z) + B(2)eP?
for some entire function D(z).

Lemma 7. If g and B are defined as in the paragraph above and satisfy the
relationship

(10) N(r,1/B(2)) <dT(r'/*,g)  (rg¢F);

where d is a given number, 0 < d < 1, then there exists a set I of infinite
logarithmic measure such that for r € I,

(11) v(r, g) <v(r, D)'*¢,
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where ¢ is a given positive number. Further when A(g) >0, I = R\F.
Proof. First suppose that the derivative f’(z) has only a finite number of zeros.

Then
W(” (f(fg'))’) SN( f’(g))+N( ;) ortr &)
= o(T(r, (f(2))) (r&E).

_( TEr= —a')
=N(r, -BT*-—IB-E) <N<r, %) +T(r, ?,+D') + 0(1)
_ 2N (r, %) +m (r, (f,(f;)—‘_f) +0(1) = o(T(r, (f(2)))) (r & E).

These two inequalities will lead to an absurdity. Hence f’(z) has infinitely
many zeros. Differentiating both sides of (9), we have

1'(8(2))8'(z) = (B'(2)/ B(z) + D'(2))(f(8(2)) — a(2)) + &/ (2).
If f'(a) =0, then ‘
(12)

1 1
N (” E‘—‘a) sV (” BB+ DY@ —a) + a')
<T(r, (B'/B +D')(f(a) — @) + o) + O(1)
<T(r, D)+ T(r, B'/B) +o(T(r, 2))
— T(r, D)+ N(r. 1/B) + m(r, B'/B) + o(T(r, 8))
< (1+0(1)T(r, D) +dT(r, &) + m(r, B'/B) +o(T(r, )).

Now we estimate m(r, f’/B) by Lemma 2 and the well-known lemma of log-
arithmic derivative.

m(r, B'/B) < O(log T(r, B)) < O(loglog M(r, B))
< O(logrlogn(r, 1/B) +logn(r’’?/2, 1/B))
=o(n(r’?/2,1/B))

and

n(r’?/2,1/B) < (log2)“N(r5/2/2, 1/B) < (d/log2)T(r, g).
Hence
(13) m(r, B'/B) = o(T(r, g)).

Since f’(z) has infinitely many zeros, from Nevanlinna’s second fundamental
theorem, (12) and (13) it follows that

(14) T(r,8) <O(T(r,D)) (rgkE).
A classical lemma due to Borel [9, Lemma 2.4] tells us that

(15) logM(r, &) <T(r, g)'**/* (r¢F).
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Combining (7), (15), (14), and (8), we obtain
v(r, g) < (logM(r, £))'*/* < T(r, g)'**/* < T(r, D)!**/
< (log M(r, D))"**/2 < (v(r, D)logr)'**/¢ (r ¢ F).

Thus the same argument as in W. Bergweiler [4] implies that there exists a set
I of r of infinite logarithmic measure such that for re I,

v(r, g) <v(r, D)'*.
Further it follows from (16) that when the lower order of g is positive,
v(r, §) <v(r,D)'** (r¢F).
This completes the proof of Lemma 7.
Lemma 8 ([17, p. 68)). If f(z) is meromorphicin |z| < R, with f(0)#0, 1, o
and f'(0)#0, then for 0<r <R,

T(r, f) <2{N(R,f)+N(R, %) +N(R’ f__iT)}

(16)

1 R
+ 191 + 4log* | (0)| + 2log" ———~— + 12logt ——.
| g |f(0)] & RIF O] A -
The following is a classical inequality of Nevanlinna, which can be found in
[11, p. 120] or [10, p. 331].

Lemma 9. Suppose that hy(z), ..., hy(z) are linearly independent meromorphic
functions and not all rational, and such that

ho(z)+---+ hy(2) = 1.

Then
P

T(r,h)<p {Zl_\’ (r, %) +Y N(r, hk)} +S(r),

k=0 k#v
where
p
S(ry=0 (log (Z T(r, hk))) +O(logr), asr—oo,rgE.
k=0
The following result is obvious.
Lemma 10. Let
P(z)=a;z°+a,.,2 ' +---+ay  (as #0552 1).

Then for any meromorphic function f(z), we have

S
T(r, P(f) <sT(r, f)+slog2+ ) _log" |a].
k=0

3. STATEMENTS OF MAIN RESULTS

Theorem 1. Let f and g be two transcendental entire functions and a(z) a
nonconstant polynomial. If A(f) > 0, and g(z) satisfies

(logr)* = O(v(r, g)),
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then there is a set I of infinite logarithmic measure such that for r € I, we have

1 1/3 1/4
N (1, 1= ) > Hoe (', SN

Theorem 2. If f(z), g(z) are defined as in Theorem 1, then there exists a set
I of infinite logarithmic measure such that for r € I,

—1_ i 1/3 1/3 1/logr
N (r, f(g)—a) > min{dT(r'’>, g), [logM(r'/>, f(g))]'/*¢"}.

Furthermore when A(g) >0, I =R\F.

The following result can be derived immediately from Theorem 1, which is
related to Question (A).

Theorem 3. If f(z) is a transcendental entire function with A(f) > 0, then there
exists a set I of r of infinite logarithmic measure such that for re I,

Na(r) > (1= o(1))log M(r'?, f)1* (n > 2).

Theorem 4. Let P(z) be a nonconstant polynomial and f(z) a transcendental
entire function and o(z) a nonconstant small meromorphic function satisfying
T(r,a(z)) = o(T(r, f)). Then P(f(z)) — a(z) must have an infinite number
of zeros and furthermore

T(r, P(f)) <kN (r, }ﬁ) +o(T(r, f)), r¢eE.

where k =2 if P'(z) has only one zero; otherwise k = 2degP .

From Theorem 4, we may immediately get a corollary which provides a so-
lution to Question (A).

Corollary. If a transcendental entire function f(z) has the factorization f(z) =
P(g(z)) for some nonlinear polynomial P(w) and entire function g(z), then
for sufficiently large r,

Nn(ryl/(f;l—z))>kT(rsf;l)a rgE,

where k is a positive number dependent on the degP .

4. PROOF OF THEOREM 1

First we write
f(8(2)) = a(2) + B(2)e®?,
where D(z) is an entire function and B(z) a Weierstrass product formed by
the zeros of f(g)— a(z) as expressed in Lemma 2.
We need treat two cases, separately.
(I) 40log M (2r, B(z)) >logM(r, f(g)), r € F . Obviously
lim sup M_l_/.g_) =0
r—oo logr
Otherwise, the order of B(z) is finite, but on the other hand, the lower order
of f(g) is infinite and hence log M (2r, B(z)) = o(log M (r, f(g))), which is
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a contradiction. Thus it follows from Lemma 2 that there exists a set I of
infinite logarithmic measure such that re I, :

log M(r, f(g)) < 40n(r**¢)".

Thus we easily get Theorem 2.
(IT) There exists a set I of infinite logarithmic measure such that r € I,

(19) 40log M (2r, B(2)) <logM(r, f(g)).
Suppose now that the theorem is false; then
_r 13 1/4
N (1= ) < Do MG'P, SN,
Obviously
1
(20) N (2r, m) = o(log M(r, f(g)))-

Since A(f) > 0, there exists a positive number ¢ such that logM(r, /) > r*,
r ¢ E. Thus by Lemma 4, we have
logM(r, f(g)) > (1-0(1))'M(r, g)".
On the other hand, we have
log M(r, f(g)) =log M(r, a(z) + B(2)eP®)
< O(logr) +log2 +log M(r, B) +log M(r, eP®)

< 35108 M(r, £(8)) + M(r, D(2)).
Thus

log M(r, D) > (¢/2)log M(r, g).
It follows from this that for sufficiently large r,

v(r, 8) < (log M(r, £))"/% < ((2/1)log M(r, D))"/® < ((3/t)u(r, D)logr)"/6.
Combining the above inequalities and the assumption that for some positive
number c, (logr)? < cv(r, g), we have

v(r, 8) < (3/0)2y(r, DYU/M < y(r, D)?¥/12,
We choose a point zy with |zp| = r such that
| f(g(z0))| = M(r, f(g)) = M((1 +0(1))M(r, g), f);
then
1&(z0)l 2 (1 —o(1))M(r, &),
and
(21)
|D(z0)| > Re D(zo) = log|exp(D(zo))| = log|(f(g(20)) — e(20))/ B(20)
> log|f(g(20))| — log" |a(zo)| — log* | B(z0)| — log 2
>logM(r, f(g)) —logM(r, a(z)) — log M(r, B(z)) — log2
2 log M(r, exp(D(z))) — 2{log M(r, o(z)) + log M(r, B(z)) + log2}
> (7/8)(1 —o(1)) log M(r, exp(D(z))) > (2/3)M(r, D), r¢gF.
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From Lemma 6, we can construct an analytic function 7(z) in |z — zo| <
12crv(r, g)71%/3 | ¢ = arctan2 + n/2, r ¢ E , satisfying
le(2)v(r, g) = 2mi| = o(1), and g(ze"?) = g(2).
Set k(z) = ze™® and

_ /(g(2)) —a(2)
= "= k) et

Since, as r — oo,
a(k(z)) — a(z) ~ (679 — Da(z) ~ g1(2)a(z) ~ 21qi/v(r, 8))a(z),

where g is the degree of a(z), it follows that A(z) is analytic in |z — zg| <
12crv(r, g)~12/23,

Now define z; = zoe'® where 6 € R is chosen such that Re D(z;) = 0 and
lv(r, D)8 — m/2| = |arg D(zo) + o(1)| = | arctan(Im D(zy)/ Re D(zp)) + o(1)| <
arctan 2, we can do this by Lemma 5 and (21). Then

|zy — zo| = r|e®® — 1| ~ r|8] < crv(r, D).
Since
v(r,g) <v(r,D)¥"'?2 e wv(r,D)"'<u(r,g) 1¥B, rgF,

we have |z, — zo| < (1 +o(1))crv(r, g)~ 12/ < 2crv(r, g)~12/23
It follows that h(z) is well defined for |z — z;| < 10crv(r, g)~'?/23 and,
setting R = 2crv(r, g)~'%/23 | we now estimate

(23) N(R)=N(5R, z,h)+ N(5R, z;, 1/h) + N(5R, z;, 1/(h - 1)).
For this, we consider the disk |z — z;] < SR,
|z] < |z1] 4+ SR < |zo| + 6R = r(1 + 12crv(r, g)~'%/?3);
k(z)| = |ze"®| < (1 + 12crv(r, g)~ ¥ B)rel*2)
<(1+ 12crv(r, g)~¥B)1 + Terv(r, g)~Yr
< (1+420crv(r, g)~1%23r, réF,

since |t(z)v(r, g) — 2ni| = o(1). Define ¢ = (1 + 20cv(r, g)~'?/23)r. Thus it
clearly follows from g(k(z)) = g(z) and the form of A(z) that

N(R) < 2N(t, 1/B) = o(log M(r, f(g))), re€I\F.
Now we estimate log|h’(z;)| and log* |A(z))].
log® |h(z1)| = log" | B(z1) exp D(z1)/(a(k(zy)) — a(z1))]
<log" |B(z1)| +log" |a(zy)| + logv(r, &) + O(1)
<logM(r, B(z))+ O(logrv(r, g))
< (1/40)log M(r, f(g)) + O(logrv(r, g)).

W(z) = 1'(8(2))8'(2) —'(2) _ (f(&(2)) — a(2)) (' (k(2))k'(2) — &/ (2))
(25)

(24)

a(k(z)) - a(z) (a(k(2)) - a(2))?
_ [ﬂ'(Z) +B(2)D'(z) _ B(z) (e (k(2))k'(2) —a’(Z))] D).

a(k(z)) - a(z) (a(k(2)) — of2))?
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Then (5) in Lemma 5 implies that
log|h'(z1)| > log|D'(zy)| — [21og" |B(21)| + log™ |B'(z1)| + O(logru(r, &))]
> log M(r, D) +logv(r, D)+ O(1)
—[2log M(r, B(z)) +log M(r, B'(2)) + O(logrv(r, g))],

logM(r, B'(z)) < 5T(3r/2, B'(z)) < 5(1 +0(1))T(3r/2, B(2))
<(1/8)logM(r, f(g)), r¢E.
Thus
(26) log|k'(21)| > —(1/5)log M(r, f(g)), réF.
Now it follows from Lemma 8§ that
T(4R, z,, h) < 2N(R) + 191 + 12log* 5R/(5R — 4R)
+2log™ 1/R + 4log™ |h(z1)| + 2log™ 1/|H'(z1)|
<o(logM(r, f(g)))+(1/2)log M(r, f(g))
+ O(logrv(r, g)), rel\F.
On the other hand, we have

(27)

_ | f(e(z0) —e(z0)| _ _v(r. 8) _
lh(ZO)l - a(k(zo)) _ a(zo) anla(zo)llf(g(ZO)) a(ZO)l ’

i.e.,
(28) log|h(zo)| > log M(r, f(g)) +logv(r, g) — O(logr)
and
(29) log|h(zo)| < logM(R, zy, h) < (5/3)T(4R, z,, h).

Thus by combining (27), (28), and (29), we have
log M(r, f(g)) +logv(r, g)
<o(logM(r, f(g)))+ O(logrv(r, g)) +(5/6)log M(r, f(g)), re€lI\F,
and hence
T(r, f(g)) <logM(r, f(g)) < O(logrv(r, g)), rel\F.
This is absurd and thus Theorem 1 follows.

4. PROOF OF THEOREM 2

First we write
f(8(2)) = a(2) + B(2)eP?,

where D(z) is an entire function and £(z) a Weierstrass product formed by
the zeros of f(g) — a(z) as expressed in Lemma 2.

We need to treat two cases, separately.

(I) There exists a set I of infinite logarithmic measure such that for re I,

40log M(2r, B(z)) > log M(r/2, f(g)).

Then Lemma 2 implies that

logM(r/2, f(g)) < 40n(r)?'°8" + 40n(r3/?)loglog n(r’/?) < 41n(r3/?)2loer



48 JIAN-HUA ZHENG AND CHUNG-CHUN YANG

and further
log M(r'/3, f(g)) < 41n(r)?/31%8" < n(r)?e",

this is (18).
(I1)
40log M (2r, B(z)) <logM(r, f(g)), r¢F.

Suppose now that the theorem is false so that
N(r,1/(f(g) - a(z)) <dT(r'?,g) (0<d<1), r¢gF.

From Lemma 7, for 0 < d < 1, we can find a set I of r of infinite logarithmic
measure such that re I,

v(r, g) <wv(r, D)'*,

where ¢ is a given positive number.
Then Theorem 2 follows by suitably modifying the proof of Case (II) of
Theorem 1.

5. PROOF OF THEOREM 3

Since A(f) > 0, Theorem 1 shows that there exists a set I of infinite loga-
rithmic measure such that for re I,

1 1/3 1/4
N(r, fn—Z) > (log M (r'/?, fa))"*".

Let z, be a periodic point of order 7, but not exact order n; i.e., there exists
a positive integer k (< n) such that
fa(20) = zo and fi(20) = 2o, but fj(z0) # zo for j <k.

Then k < n -2 and n = mk for some integer m > 1. Indeed, if k=n-1,
then fi(zo) = zo, and this will yield » = 2, which is a contradiction. Now we
can write for some positive integer p,

f(2) — 20 = (z = 20)P [*(2), Sf*(z0) #0.

Therefore we easily see

fa(2) = 20 = (2 = 20)" £ (2) - P (fim-2(2)).S* Fim—1c(2))

so that

n-2
N (r 15 ) S M)+ SN0 < ) + (14 o(DT™(r, foca)
n—2 k=1

On the other hand, we have
loglog M(r'/3, f,) > loglog M(cM(r'’3/4, f), fa=1) + O(1)

> loglog M (2r, fu—1) + O(1)
> loglog M (cM(r, fn-2), f)+ O(1)
>logM(r, foo2) +O(1) 2 T(r, fa—2)+ O(1),

so that

T"(r, fu-2) = o(log M(r'73, f)!/%).
Thus Theorem 3 follows.
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7. PROOF OF THEOREM 4
Define A(z) = P(f(z)) — h(2); i.e.,
(30) P(f(2)) = h(z) + A(2),
and hence
(B1) P(f(2))f'(2) =K (2) + A'(2) = K'(2) + (4 (2)/A(2))(P(f(2)) — h(2)).

Below we treat two cases, separately.
(I) P'(z) has two distinct zeros, say a; (i =1, 2). It follows from (31) that

(32)
1 1
N (" 7= ai) =N (r’ #(2) + ZE(P(a;) - h(z)))

s]_V(r )+T(r,h')+T(r,h)+m(r,(i;,%.).)—__—};l)—/)+0(l)

1
B =k
< (1. g5 ) + o0 1)

By Nevanlinna’s second fundamental theorem and (32), one get
2
T(r,/)<Y_N (r, —1—) +o(T(r, )
i=1 f-ai

<IN (r, F(—ﬁ‘—_—h) +o(T(r, f) (r£E).

This and Lemma 10 imply that
— 1
A (
T(r, P(f)) <2degPN (r, Z0) —h) +o(T(r, f)) (r¢E).

(II) P'(z) has only one zero, say a. Then we can write P'(z) = nc(z—a)""!,
n =degP, c isaconstant; i.e., P(z) = c¢(z—a)"+b, where b is also a constant.
It follows from (30) that c(f(z) —a)® + b = h(z) + A(z) ; that is,

- () -ar Az _
h(z)-b h(z)-b

Applying Lemma 9 to the above equality, we have

T(r, ﬂ%z—)_—%ﬂ) <J_V<r, -J-,—l—a-) +J_V<r, %) +o(T(r, f)), réeeE.

Since n > 2 and a is a zero of P’(z), (32) holds for a. This and the above
inequality yield

T(r, P(f)) < T(r, C(}ZL:Z—)'1> +o(T(r, )

<IN (r, W)l'-_h) +o(T(r, f) (r¢E).

Thus Theorem 4 is proved.
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8. CONCLUSION

Actually, Theorem 1 still holds, even if “1/3” and “1/4” there are respectively
replaced by “51-” and “51-” (e is a sufficiently small positive number). Indeed,
one can easily verify this by analysing the proof of Theorem 1. Also, under the

hypothesis of Theorem 1, we can obtain the following result:

1
N <r, T(g)——a> >klogM(r/2, f(g)), rel,

where 0 < k < 1 and I has the positive lower logarithmic density, if there
exist entire functions f and D such that

f(g)—a=peP,
with the properties that
@) T(r, B) < O(N(r, 4));
(ii) for some positive number a, logM(r, D) > alogM(r, g), or A(f) >0
and (logr)® = O(v(r, g)).
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